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Abstract

Consider a graph G with vertex set V.. A set S C V is independent (or stable) if
no two vertices in it are adjacent. The set S CV is a dominating set if every vertez in
V — S is adjacent to a vertex of S.

A subset S of V is an independent dominating set if it is independent and dominating
in graph G. Independent domination number is the minimum size of an independent
dominating set of G and is denoted by v;(G). The independent dominating polynomial

n
of a graph G of order n is the polynomial D;(G,z) = Z di(G, j)a?, where d;(G, j)
7=7i(G)
is the number of independent dominating sets of G of size j.
In this paper, the researcher determined the independent dominating polynomial of

K, oG, KpynoG and Fy, o G.

1 INTRODUCTION

Independent domination problem is one of the interest in graph theory. The
theory of independent domination was formalized by Berge and Ore in 1962 and
the independent domination number were introduced by Cockayne and Hedet-
niemi.

Independent dominating sets which made up the independent dominating poly-
nomials, arose in chessboard problems. In 1862, de Jaenisch posed the problem
of finding the minimum number of mutually non-attacking queens that can be
placed on a chessboard so that each square of the chessboard is attacked by at
least one of the queens.

Graph polynomials are powerful and well-developed tools to express graph
parameters. Usually, graph polynomials are compared to each other by adhoc
means allowing deciding whether a newly defined graph polynomial generalizes (or
is generalized) by another one. Saeid Alikhani and Peng, Y.H. have introduced
the domination polynomial of a graph.

Consider a graph G with vertex set V. A set S C V' is independent (or stable)
if no two vertices in it are adjacent. The set S C V is a dominating set if every
vertex in V' — S is adjacent to a vertex of S. A subset S of V is an independent
dominating set if it is independent and dominating in graph . Independent
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domination number is the minimum size of an independent dominating set of G
and is denoted by v;(G).
The independent dominating polynomial of a graph G of order n is the poly-

nomial D;(G,z) = Z d;(G, )27, where d;(G, 7) is the number of independent
7=7(G)
dominating sets of G of size j.
The following previous results had been proven by Anwar Alwardi, P.M. Shiv-
aswamy, and N.D. Soner [1]:

Theorem 1.1 Let G = U G,;. Then D;(G,z) = HDi(Gj,x).

j=1 j=1
Theorem 1.2 Let G be a complete graph K,, of n vertices. Then D;(K,,z) = nx.
Theorem 1.3 Let G be isomorphic to K, . Then Di(Kpyp,x) = 2™ (1+2"™).

Theorem 1.4 For any two graphs Gy and Go, D;((G1 + G2),z) = (D;(G1,x)) +
(Di(G2, 7).

Theorem 1.5 Let G = F,, be a friendship graph with 2m + 1 wvertices. Then
Di(F,,,x) = z(1+ 2mz™1).

2 RESULTS

The following results had been proven by the author:

Theorem 2.1 Independent dominating polynomial of corona of complete graph
K, and any graph G is given by

Di(K, oG,x) =nx(D;(G,z))" ' + (D;(G,x))".

Proof: In each graph of the form K, oG, we have two cases for an independent
dominating set S.
Case 1. S contains u (the vertex of K,,) and n — 1 arbitrary independent domi-
nating sets of the copy G,, where v # u. Note that vertex u dominates all the
vertices of G,,. So, we can delete all vertices of the copy G, and all vertices of K,
except u. Therefore, the arising graph is the disjoint union of n — 1 copies of G
and a vertex u. Since there are n vertices of K,,, by Theorem 1.1, the generating
function for the number of independent dominating sets of the graph in this case
is nx(D;(G, z)) L.
Case 2. S does not contain any vertices of K, and it is exactly an independent
dominating set of G, for all v € V(K,,). Note that every vertex of K,, is dominated
by S. Hence, we can delete all vertices of K,,. Therefore, the resulting graph is

2
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the disjoint union of n copies of G. By Theorem 1.1, (D;(G, z))™ is the generating
function in this case.
By addition principle, we have D;(K, o G,z) = nx(D;(G,z))" ' + (D;(G,

Using Theorems 2.1, 1.4, 1.2, 1.3 and 1.5, we have the following results.
Corollary 2.2
(1) Di(Ki0oH,z) =x+ D;(H,x).
(i) Di(
(iii) Di(K, o Ky, ) = ro(z™ + ™)' + (2™ + 2™)".
(iv) Dy

Theorem 2.3 Independent dominating polynomial of corona of complete bipartite
graph K, , and any graph G is given by

(Ko Ky, z) = mx(nz)™ ! + (nz)™

i(Ky 0 By x) = na(x + 2ma™)" L + (z 4 2ma™)™.

D;(KypnoG,x) :Zm (G, x) + x| *(D i(G,:p))”_HS
s=1

n

+ " 2[Di(G, x) + 2] (Dy(G, 2))m T + (Di(G @)™

t=1

Proof: Let Vi, ={u; :i=1,2,...,m}and V,, = {v; : i = 1,2,...,n} be the

partite sets of K,,,. In each graph of the form K,,, o G, we have three cases for
an independent dominating set ;.
Case 1. S; contains one vertex u; € V,,, an independent dominating set in
V(u; + Gy,) for each u; where 7 # j and an independent dominating set in G,
for all k =1,2,...,n. Note that if u; € S;, then w;_; ¢ S; for alli =2,3,...,m
Since vertex u; dominates all the vertices of GG, and the vertices of V,,, we can
delete all the vertices of the copy G,,, and all vertices of V,,. Therefore, the arising
graph is the disjoint union of m — ¢ copies of G\, + u;, n — 1+ copies of G and a
vertex u;. By Theorems 1.1, 1.2 and 1.4, the generating function for the number
of independent dominating sets corresponding to S; is

m—i n—141
1] Di(Gu, + uy, ) H Di(Gy,, ) - Di( Ky, )
r=1

= [DZ<G7 x) + :U]m_i(Di(Ga x))n—l—i—i - T
= z[D;(G, x) + 2] Dy(G, z))" 1+
Since there are m such independent dominating sets, by addition principle, the
generating function for the number of independent dominating sets of the graph
in this case is
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> 2[Di(Gx) + 2] (Dy(G )"

Case 2. S; contains one vertex v; € V,, an independent dominating set in
V(vi+G,,) for each v; where i # j and an independent dominating set in G,,, for all
k=1,2,...,m. This case is similar with case 1 where n and m are interchanged.
Thus, the generating function for the number of independent dominating sets of
the graph in this case is

n

> a[Dy(G,x) + 2] (Dy(G, )

t=1

Case 3. S does not contain any vertices of K, , and it only contains an inde-
pendent dominating set in G, for all z € V(K,,,). So, we can delete all vertices
of K, . Thus, the resulting graph is the disjoint union of m + n copies of G. By
Theorem 1.1, the generating function for the number of independent dominating
sets of the graph in this case is (D;(G, z))"*".

By addition principle, we have

Di(KmnoG,x) =Y x[Di(G,x) + 2] *(Di(G,z))" '+
s=1

n

+ 3 2[Dy(G, ) + 2] (Dy(G, )"+ (Dy(G, )"

t=1

Using Theorems 2.3, 1.2, 1.3 and 1.5, we have the following results.

Corollary 2.4

(i) Di(Kpmno Ky x)=> x[(g+1)z]™*(gz)"" ”34-2 [(g+1)a]"~ (gz)™
s=1 t=1

(ga)™ ™.
(i) Di(Kpno Kgn,x) = Z z(29 4+ 2 + )" (29 + ™) 4 Z z(x? + 2" +
s=1 t=1
x)nft(xg _i_xh)mflth + (Ig +$h)m+n.

2 (2042729 (042%29) 4 a(204+2%07)" (0
s=1 =1
29x9)m—1+t+($+2gxg>m+n'

NE

(iti) Di(Kno Fy x) =

Theorem 2.5 Independent dominating polynomial of corona of friendship graph
F,, and any graph G is given by
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D;i(F,, 0 G,x) = 2(D;(G,z))*™ + (D;(Ky 0 G, 2))"D;(G, z).

Proof: In each graph of the form F,, oG, we have two cases for an independent
dominating set S.
Case 1. S contains u (the common vertex of F,,,) and 2m arbitrary independent
dominating sets of the copy G, where v # u. Note that vertex u dominates all
the vertices of F;,, and the vertices of G,. So, we can delete all vertices of the copy
G, and the all vertices of F}, except u. Thus, the arising graph is the disjoint
union of 2m copies of G and a vertex u. Therefore, by Theorems 1.1 and 1.2, the

generating function for the number of independent dominating sets of the graph
2m

in this case is H Di(G,z) - Di(Ky,z) = (Di(G, 2))*™(z) = 2(Ds(G, z))*™
r=1

Case 2. S does not contains u (the common vertex of F},,) and it only contains an
independent dominating set in m copies of K5 o GG and an independent dominating
set in a copy of G,. So, we can delete the vertex u of Fj,,. Thus, the resulting
graph is the disjoint union of m copies of K,0G and a copy of G. By Theorems 1.1
and 2.1, the generating function for the number of independent dominating sets
of the graph in this case is

[[(Di(K: 0 G.2)) - Di(G, 2) = (Di(K 0 G, 2))"D;i(G, )

~ [2a(Di(G,2) + (DG 21" Di(G )
= [22(Dy(G, z)) + (Di(G, f)) " Dy(G, )
By addition principle, we have D;(F,, o G,z) = x(D;(G,z))*™ + [22(D;(G,
x)) + (Di(G, )" Di(G, x).

Using Theorems 2.5, 1.2, 1.3 and 1.5, we have the following results.
Corollary 2.6
(i) Di(F,, 0 K,,x) = [n*™ + n(2n + n?)™|z?m+L,
(i) Di(Fpo Kyp, ) = x(z9 + 2")?™ + [22(29 + 2) + (29 + 212" (29 + 7).

(i17) Di(Fy, 0 By, x) = x(x + 2"a™)*™ + [2z(z + 2"2"™) + (z + 2"2"™)?|™(z + 2"a™).

3 RECOMMENDATIONS

In this paper the researcher considered the corona of some special graphs. The
independent dominating polynomial of corona of other special graphs, composition
of graphs and product of graphs are still to be determined.

Bibliography

IJSER © 2018
http://www.ijser.org



International Journal of Scientific & Engineering Research Volume 9, Issue 5, May-2018
ISSN 2229-5518

267

[1] Anwar Alwardi, P.M. Shivaswamy, N.D. Soner, Independent Dominating Poly-
nomaial in Graphs, International Journal of Scientific and Innovative Mathematical
Research, 2 (2014), 757-763.

[2] Wayne Goddard and Michael A. Henning, Independent Domination in Graphs:
A Survey and Recent Results.

[3] J.A. Bondy and U.S.R. Murty, Graph Theory with Applications, 1982.

IJSER © 2018
http://www.ijser.org





